Introduction
ANR homology n-manifolds are nite-dimensional absolute neighborhood retracts X with the property that for every x 2 X, H i (X X ; f xg) is 0 for i 6 = n and Z Z for i = n. Topological manifolds are natural examples of such spaces. To obtain nonmanifold examples, we can take a manifold whose boundary consists of a union of integral homology spheres and glue on the cone on each one of the boundary components. The resulting space is not a manifold if the fundamental group of any boundary component is a nontrivial perfect group. It is a consequence of the double suspension theorem of Cannon and Edwards that, as in the examples above, the singularities of polyhedral ANR homology manifolds are isolated. There are, however, many examples of ANR homology manifolds which have no manifold points whatever. See 12] for a good exposition of the relevant theory. The purpose of this paper is to begin a surgical classi cation of ANR homology manifolds, sometimes referred to in the sequel simply as homology manifolds.
One way to approach this circle of ideas is via the problem of characterizing topological manifolds among ANR homology manifolds. In Cannon's work on the double suspension problem 7] , it became clear that in dimensions greater than 4, the right transversality hypothesis is the following (weak) form of general position. The following result is an astonishing, powerful extension of the double suspension theorem.
Theorem (Edwards, 12] ). Let X n , n 5, be an ANR homology manifold satisfying the DDP. If : M ! X is a resolution of X, then is the limit of a sequence of homeomorphisms h i : M ! X. Let M n bea closed, simply connected manifold, n 6. Corollary. Given { 2 1 + 8ZZ, there is a canonical choice of a s-cobordism class of homology manifolds homotopy equivalent to M with resolution obstruction {.
Hence, simply connected manifolds have, via the resolution obstruction, homotopy equivalent homology manifold parallels, one (s-cobordism class) for each { 2 1 + 8 Z Z.
There is also a relative v ersion of this result for 2-connected manifold pairs, which has yet another corollary regarding the bordism of homology manifolds, answering a question of David Segal.
Let SH and STop denote the oriented bordism groups of ANR homology manifolds and topological manifolds, respectively.
Corollary. In dimensions 6, there is an isomorphism SH ! STop 1+8ZZ] of graded (oriented) bordism groups.
One shows that every connected homology manifold is cobordant b y a simply connected bordism to a simply connected homology manifold (a well-known fact for manifolds), and then uses the correspondence between between manifolds and homology manifolds given by the resolution obstruction. Note that there is no analogue of connected sum disconnected homology manifolds whose components have di erent local indices need not be bordant t o connected homology manifolds.
The fact that for 2-connected bordisms, the local type can be freely changed is not without parallel in other problems in geometry and topology (see e.g. 19] ). When this is the case, it is important to consider K( 1) spaces. The following observation is somewhat more elementary than the main theorem.
Proposition (Compare 16])
. If X is a closed K( 1) homology manifold, and the Novikov Conjecture holds for the group , t h e n e v ery ANR homology manifold homotopy equivalent to X has the same local type.
Thus, it follows from 18] that for groups of nonpositive c u r v ature, the local type is rigid. For example, any ANR homology manifold which is a homotopy torus is resolvable (and in fact, by a torus). This was observed in 16] . Similar considerations give rise to (necessarily nonsimply connected) homology manifolds not homotopy e q u i v alent to manifolds.
The main theorem requires a certain amount of surgery theory to state. Before discussing the result in its general form, we consider a slightly weaker version, suggested by Cappell, that supports our contention that homology manifolds are as natural as manifolds and should bepresent in any complete theory of topological manifolds.
Recall that classical surgery theory can be phrased as being the study of manifold structures on Poincar e spaces X. We shall consider more generally, ANR homology manifold structures on X. De ne the homology manifold structure set of X, S H (X), to bethe set of equivalence classes of pairs (Y f), where As usual, we shall use S(X) to denote the manifold structure set of X. For objects with boundary, where the boundary is already given the structure of a (homology) manifold, we will write S H (X @) f o r the structure set relative to the boundary.
Siebenmann observed that S(X) almost has a four-fold periodicity if X is a manifold.
See 24] for a detailed treatment explaining how a Z Z factor obstructs genuine periodicity.
Corollary. If X is a manifold, S H (X) = S H (X D 4 @ ).
The right hand side of the formula is a set which consists entirely of structures with manifold representatives, due to the rel @ condition. Thus, to get a fully periodictheory of manifolds, we need homology manifolds to ll in for some \missing objects". Note that this formula fails for manifold structure sets, for example, when X = S n .
While surgery theory is usually stated using the language of normal invariants and surgery obstructions (see 3] and 32]), for the purposes of this paper it is more convenient to work with a variant of the more algebraic formulation due to Ranicki 16] that makes use of advances in controlled topology (see also 27] and yamasaki).
In conventional surgery theory one starts with a degree one normal invariant, which can be viewed as a rst approximation to a given Poincar e space by a manifold it corresponds to a topological reduction of the Spivak normal bundle of X (not all Poincar e spaces have normal invariants, but all ANR homology manifolds do 16]). The surgery obstruction is an element of a Witt group of quadratic forms (or their automorphisms) and measures the obstruction to nding a normal cobordism from this normal map to a (simple) homotopy equivalence.
Ranicki, following an earlier lead of Mischenko, viewed the surgery obstruction as just the algebraic cobordism class of the chain complex (with duality) of the mapping cone of the normal map. In 16], the group of controlled algebraic Poincar e complexes over X was identi ed with a group isomorphic to the normal invariant group of X. One can now consider the algebraic mapping cone of the duality of a Poincar e space X it is the assembly of the local mapping cones of X. This is often called the peripheral complex. Since X satis es Poincar e duality, the algebraic mapping cone is (globally) contractible, but its local structure re ects the local geometry of X. The total surgery obstruction of X is the obstruction to algebraically cobording the peripheral complex of X to a locally contractible complex through contractible algebraic complexes. For a homology manifold, the total surgery obstruction vanishes since duality holds locally.
Let X n , n 6, bea (simple) Poincar e complex.
Main Theorem. There is a homology manifold (simple) homotopy equivalent to X, if and only if, the total surgery obstruction of X vanishes. If this is the case, there is a covariantly functorial 4-periodic exact sequence of abelian groups,
where I L = I L(e) is the surgery spectrum of the group ring of the trivial group.
The di erence between this spectrum and G=Top (i.e., the 1-connective surgery spectrum 29]) accounts for Quinn's obstruction. There is also a relative v ersion of this theorem which w e will not state here, although relative constructions are necessary for the proof of the main theorem. A weaker form of this result was announced in 4] .
A word about the organization of the paper. In order to prove the above theorem, we will use results regarding controlled surgery proven in 17]. The idea is to perform constructions of ordinary surgery while keeping careful control on the size of handles.
This will be reviewed in x2. In section 3, we reprove Quinn's resolution theorem using this surgery theory. This serves as an introduction to our setup and also shows how the resolution obstruction of the examples constructed will be detected. We are led to the use of controlled topology since homology manifolds can becharacterized as those spaces which are controlled Poincar e complexes over themselves. The self-referential aspect of the solution will necessitate consideration of -Poincar e complexes realizing the resolution obstruction. Section 4 contains a discussion of these approximate homology manifolds and of other homotopy theoretical aspects of the problem. x5 gives a detailed construction of homology manifolds modelled on simply connected closed manifolds with arbitrary resolution obstruction. The main theorem is proved in x6 using similar techniques. In the nal section of the paper we apply the theorem to the construction of homology manifolds that are not homotopy e q u i v alent to any closed manifold.
A review of ( )-surgery theory
This section contains a discussion of the controlled surgery theory we will beusing in this paper. Quinn There is a corresponding surgery theory at the existence level. In order to state the theorem, we need some de nitions. Definition 2.6. If X and B are nite polyhedra and p : X ! B is a U V 1 -map, we say that X is an (oriented) -Poincar e of formal dimension n over B if there exist a subdivision of X so that images of simplices have diameter in B and a cycle y in the simplicial chains C n (X) s o that \y : C # (X) ! C n;# (X) is an -chain homotopy equivalence. This last means that the morphism \y and the chain homotopies have size < in the sense that the image of each generator only involves generators whose images under p are within of p( ) B. We de ne Poincar e duality as usual in the unoriented case by using an orientation double cover. (i) We will refer to 0 as the (n-dimensional) stability constant for B. T will be called the (n-dimensional) stability factor for B.
(ii) The situation is similar in the non-simply connected case, i.e. for control maps which are not U V 1 , but it is somewhat more complicated because the surgery groups are not quite homology groups.
Quinn's resolution theorem and the obstruction to resolution
To acclimate the reader to our notation and to our setup, we reprove Quinn's resolution theorem and obstruction to resolution from our ( ) point o f v i e w . The argument w e give is similar to proofs given by Quinn in lectures and is even more similar to the bounded proof given in 16]. It di ers from the proof in 27], 28] in that the use of a full-featured -surgery theory makes parts of the argument easier to describe. Suppose that the invariant is 1. Choose a sequence f i g with lim i!1 i = 0. The -structure set of X parameterized over itself is trivial, since we have:
The \ =" and the \1;1" follow immediately from the Atiyah-Hirzebruch spectral sequence and the fact that H (X Z Z) = 0 for > n .
Thus, we can choose a sequence f i g so that for each i there is a homeomorphism the sequence converges to a map f : M 1 ! X, provided that P This section contains technical lemmas which will be needed in the construction of the counterexamples. The reader is advised to skim this section quickly and then come back to it as needed. The next theorem is a global version of the result above in the sense that it dispenses with the AL k ( ) h ypothesis and replaces it with the hypothesis that the map have simply connected homotopy ber. Theorems of this type rst appeared in Bestvina's thesis 2]. We will also need some results concerning controlled Poincar e duality. In his thesis, Spivak proves that a polyhedron P is a Poincar e duality space of formal dimension k if and only if when N(P) is a regular neighborhood of P in I R n+k , n large, the inclusion @ N! N has homotopy b e r S k; 1 30] . This says that (N @N) looks like a tubular neighborhood of P from the viewpoint of homotopy theory. If P is a Poincar e duality s p a c e , a cycle which links the top class of P generates the homology of the ber. Conversely, i f S k;1 ! @ N! P is nullhomotopic, we have a cocycle in (N @N) corresponding to (D k S k;1 ) whose dual in H n (P) is the top class of P. The next proposition is an estimated version of this result. 
Since \y is an -chain homotopy equivalence over B, we can make su ciently small so that \i ] (y) is an -equivalence. We get G q by composing \i ] (y) with a chain homotopy inverse to \z. Hence, we may assume that G q is a -chain homotopy equivalence over B
and that the left triangle is -chain homotopy commutative. Pick 0 > 0 and a T > 0 such that if 0 < 0 , then any two maps of a space into B within of each other are T -homotopic, and any subset of B of diameter < can be contracted in subset of diameter < T . The constants 0 and T can beobtained, for example, from a xed regular neighborhood : W ! B, using the fact the the regular neighborhoodprojection is Lipschitz. For such a choice of , the pair (P @N) is (T 1)-connected, since all control maps are U V 1 . We m a y assume that w is U V 1 by Proposition 4.3. By the controlled Hurewicz theorem 1], it follows that (P @N) is (T k )-connected for all k so that h 0 j : @ N! P is a T -homotopy equivalence over B. Therefore, j@N: @ N! X has the T -homotopy lifting property over B.
If we paste together two P oincar e pairs using a homotopy e q u i v alence on the boundary, we get a Poincar e duality space. The following is an -controlled analogue of that result. . Choose orientations of y 1 and y 2 so that @y 1 = ;@y 2 2 C n;1 (X 0 ). Then y = j 1 (y 1 ) + j 2 (y 2 ) 2 C n (X) is a fundamental cycle for X, where j i is the composition C ] (X i X 0 ) ! C ] (X i ) ! C ] (X). Write C ] (X) = C ] (X 1 ) C ] (X 2 X 0 ) and C n;] (X) = C n;] (X 1 X 0 ) C n;] (X 2 ). Then, \y = \(j 1 (y 1 ) + j 2 (y 2 )) : C ] (X 1 ) C ] (X 2 X 0 ) ! C n;] (X 1 X 0 ) C n;] (X 2 ) is easily seen to be a T -chain homotopy equivalence.
A map between simply connected Poincar e spaces which i s a n e q u i v alence through the middle dimension is a homotopy equivalence. The following is an version of that (see 17]). Proposition 4.7. Given n and B there is a T > 0 so that if p 1 : X 1 ! B and p 2 : X 2 ! B are -Poincar e spaces over B of the same formal dimension and topological dimension n with U V 1 control maps and f : X 1 ! X 2 is a map with d(p 2 f p 1 ) < such that the algebraic mapping cone of f is -acyclic through the middle dimension, then f is a T -equivalence.
We will also need an estimated version of the classical homotopy extension theorem. The last proposition in this section is a partial converse to Proposition 4.5. Proposition 4.11. Suppose X is a homology n-manifold. Given > 0 there exists > 0 such that if Z is a polyhedron that is -equivalent t o X (over X), then Z is an -Poincar e duality space over X. Proof. Let N be a mapping neighborhood of X with dim N = n+m, m 3, and mapping cylinder retraction : N ! X. Then j@N: @ N! X is a spherical approximate bration. Thus, given 0 > 0 there exists > 0 such that if Z is a polyhedron and f: Z ! X is a -equivalence over X, with inverse g: X ! Z, then 0 = g : @ N! Z has the 0 -lifting property over X.
Let !: P ! Z bethe spherical bration associated to 0 : @ N! Z (as described in the proof of Proposition 4.5). There is a canonical strong deformation retraction : P I ! P of P onto @ Nde ned by ((x ) s ) = (x s ), where s (t) = (st). (Here, 0 is the retraction and 1 is the identity.) Then ! : P I ! Z and 0 : P ! @ Nsatisfy 0 0 = ! 0 . Hence, we can get a lifting~ : P I ! @ Nwith~ 0 = 0 and d(f 0 ~ f ! ) < 0 (in X). The claim is that for any 00 > 0 w e can choose 0 small enough so that~ 1 : P ! @ N is an 00 -homotopy inverse to j: @ N! P over X.
To see this recall that any two su ciently close maps of a space into X are connected by a small homotopy. Thus, given 00 > 0, we can choose 0 so that there is an 00 -homotopy H: ( P I) I ! Z (over X) such that H 0 = 0 ~ , H 1 = ! , and HjP 0 I is the constant homotopy 0 ~ 0 = ! 0 . There is already a lift of Hj(P I 0) (P 0 I) (P I 1) to P, namely, ( 0 ~ ) ( 0 ~ 0 ) (! ). Thus, we m a y reparameterize I I by a homeomorphism that takes (I 0) (0 I) (I 1) to I 0 so that we may view H as a homotopy of P I into Z that equals ( 0 ~ ) ( 0 ~ 0 ) (! ) on P I 0. Lifting H toH: P I I ! P and restricting to (P 0 I) (P I 1) (P 1 I)
gives a homotopy o f j ~ 1 to the identity that projects to an 00 -homotopy o ver X. can all bemade -chain homotopy equivalences over Z. We may assume that h 1 and h 2 are 00 -chain homotopy equivalences over X and, hence, that for a given > 0, we have chosen 00 and small enough so that g is an -chain homotopy equivalence over X.
Let z 2 C m+n (N @N) be a fundamental cycle for which \ z: C m+q (N @N) ! C n;q (N) is a -chain homotopy equivalence over N (and Z). Set y 0 = g \ z 2 C n (N). follows that we can make \ y: C q (Z) ! C n;q (Z) a n -chain homotopy e q u i v alence.
The construction of simply connected examples
Let M n be a simply connected closed manifold of dimension n 6. We begin the construction of a nonresolvable ANR homology manifold homotopy equivalent to M. We start by choosing a sequence f i i 0g, with i > 0 and P i < 1.
Step I. By Proposition 4.6, if 0 is small enough so that T 0 < 0 , then X 0 is a 0 -Poincar e duality space over M. This completes Step I.
Step II.
Embed M into I R L , L large, and approximate p 0 by an embedding 0 : X 0 ! I R L .
From now on we identify X 0 with (X 0 ). This xes a metric on X 0 . Let W 0 bea regular neighborhoodofX 0 in I R L with regular neighborhood collapse r 0 : W 0 ! X 0 . Let 0 < 0 < 0 besuch t h a t L-dimensional ( 0 h )-cobordisms over M admit 0 -product structures 1 25] , and let 1 > 0 be the stability constant for X 0 and T 1 the stability factor. Our goal in this step is to show that if 0 was chosen su ciently small, then for any 1 which satis es 1 -Poincar e duality o ver X 0 , i f 1 is small enough. The surgery obstruction of X 0 1 ! X 0 over M is 0, so we can do surgery to get a T 0 0 -controlled (over M) equivalence p 00 1 : X 1 ! X 0 . The homotopy equivalence is this large because X 0 is a 0 -Poincar e duality space over M.
Constructing p 00 1 involves surgery on a singular space, but this is not di cult in our case. The spheres we need can bemoved o of the 2-dimensional spine of C 1 and pushed away from the singular set by small moves. The bundle data tells us how t o t h i c ken the handles in the manifold part of X 1 , so the problem is the same as a controlled manifold surgery problem. It is important t o note that F preserves the bundle data so the map X 0 1 ! X 0 is a degree one normal map between Poincar e spaces respecting the given reductions of the Spivak normal bundles. This kind of Poincar e surgery goes back to Lowell Jones 20] .
After surgery, we approximate the resulting homotopy equivalence by a U V 1 map Step III.
Steps I and II di er in that p 1 is a controlled homotopy equivalence, while p 0 is not. We continue the construction as in Step II,starting with a degree one normal map f i : M ! X i with surgery obstruction 2 H n (X i;1 I L). Let 0 < i < i be such that L-dimensional ( i h )-cobordisms over X i;1 admit i -product structures. If i and T i are the stability constant and stability factor for X i;1 , we choose i;1 so that for any i > 0 we can construct X i+1 and p i+1 : X i+1 ! X i so that: Step IV.
Let X = \ 1 i+1 W i . Taking the limit of the r i 's gives a retraction r : W 0 ! X this shows that X is as ANR. X is homotopy equivalent to X i , because for i large, we can retract a straight line homotopy from r i to r into both X and X i . We n o w re ne the maps fr i g to retractions i : W 0 ! X i in order to argue that X is a homology manifold.
Let W i bea small regular neighborhoodof X i . W i;1 n int(W i ) is a thin h-cobordism with respect to the control map r i : W 0 ! X i . Deforming W 0 n int(W i ) to @ W i along (thin) product structures and composing with a regular neighborhoodcollapse W i ! X i X k ;!X is also 2 H n (X I L). Since : X k ! X can beassumed to be a U V 1 controlled equivalence, it follows that the surgery problems Let Z n , n 6, be a (simple) Poincar e complex. 
where I L is the simply connected surgery spectrum. Let f i i 0g bea sequence with i 0 and P i < 1.
Step I.
We may assume that f : M ! Z is connected up to the middle dimension. By Proposition 4.3, we may take f to bea U V 1 map. Let 0 bethe stability constant for Z and T 0 the stability factor. Take a triangulation of M with mesh < 0 , where 0 0 , and consider the regular neighborhood C 0 of the 2-skeleton. We can assume that F jN 0 = id and that f = F jN 0 0 is a U V 1 0 -equivalence over Z. Doing surgery below middle dimension, by Proposition 4.4 we can also assume that F is U V 1 . However, unlike the simply connected case, V is not necessarily a product since the uncontrolled surgery obstruction of F , which coincides with (f), may b e nontrivial.
Let X 0 0 be the space obtained by splitting M along N 0 and pasting in a copy of V together with a copy of the mapping cylinder of f . respect to which X 0 0 is a T o -Poincar e duality space. If 0 is small enough, we have that T 0 < 0 .
The ordinary surgery obstruction of P 0 0 is + ( ; ) = 0, so we can do surgery on X 0 0 to obtain an 0 -controlled Poincar e space X 0 with respect to a U V 1 homotopy equivalence p 0 : X 0 ! Z. This involves surgery on a singular space as discussed in the last section.
The rest of the construction proceeds essentially as in the simply connected case { starting with a degree one normal map f 0 : M 0 ! X 0 , we construct an 1 -Poincar e space X 1 over X 0 with respect to a 0 -equivalence to X 0 over Z, an 2 -Poincar e space X 2 over X 1 with a 1 -equivalence to X 1 over X 0 , etcetera. We e m bed the X i 's in a large Euclidean space R L and take the limit. If the i 's are such that L-dimensional ( i h )-cobordisms over X i;1 admit i -product structures, we obtain an ANR homology manifold X homotopy equivalent to Z. The only di erence is that, as in Step I, in the cut-paste construction we insert a copy of the mapping cylinder of the gluing map together with a copy of (the negative of) the cobordism obtained from the surgery obstruction realization theorem. We need this variant of the construction since, as observed earlier, the image of under the forget control map may b e n o n trivial. This concludes the proof of the rst assertion of the theorem.
Our argument up to this point establishes the following bounded analog of the existence result.
Theorem. Let X bea bounded Poincar e complex controlled with respect to a U V 1 map X ! Z. If the boundedtotal surgery obstruction vanishes, there is a homology manifold W bounded simple homotopy equivalent to X over Z.
Remark. One could, of course, relax the U V 1 condition and prove controlled rather than bounded versions of this result. Now we can complete the proof of exactness of the ordinary surgery exact sequence (and, by the \same" argument, the controlled and bounded surgery exact sequences).
Suppose : V 1 ! V 2 are simple homotopy equivalent homology manifolds. Consider
where O 1 (X) denotes the part of the open cone on X which lies outside of the unit ball. An easy calculation identi es the total surgery obstruction of this Poincar e Duality s p a c e with the structure on V represented by . If this obstruction vanishes, We can glue copies of V 1 and V 2 onto the ends of the resulting ANR homology manifold, obtaining an ANR homology manifold s-cobordism connecting V 1 and V 2 . The surgery obstruction of f 0 : M 0 ! Z over T n is 2 H n (T n I L). Since the ordinary surgery obstruction of f 0 is the image of under the natural map H n (T n I L) ! L n (ZZ 1 (T n )), it follows from Ranicki's algebraic surgery sequence that O (Z) = 0, as discussed in the proof of Theorem 6.1.
Any other degree one normal map f : M ! Z, di ers from f 0 by the action of H n (Z G=Top). Hence, the controlled surgery obstruction of f has as its H n (T n L 0 ) component since choosing a di erent normal map changes the surgery obstruction by the action of H n (Z G=Top) on H n (T n I L) induced by (p 0 ) , and this does not a ect the H n (T n L 0 ) component.
The forgetful map from the controlled surgery obstruction group H n (T n I L) to the uncontrolled surgery obstruction group L n (ZZ(ZZ n )) is an isomorphism (this appears disguised as the map T n D 4 @ G=Top] ! L n+4 (ZZ(ZZ n ))). Thus, the uncontrolled surgery obstruction of any degree one normal map f : M ! Z is also nonzero. This implies that Z does not have the homotopy t ype of any closed topological manifold. Using techniques from 5], we can vary the construction to obtain a Z Z-homology T n with fundamental group Z Z n which is not homotopy equivalent to a manifold. Since S (M) = S (N) if there is a map M ! M which is a 1 -isomorphism and an integral homology equivalence, this gives a counterexample to a \homology" analog of the well-known conjecture that every Poincar e duality group is the fundamental group of an aspherical manifold. See 33] . Remark 7.2. Here is a more concrete construction of the cobordism V used above. We begin with the Milnor plumbing, which gives us a degree one normal map f : M 8 ! D 8 which is a homeomorphism on the boundary. Take the product with T 8 . The result is a 16-dimensional surgery problem which cannot be solved rel boundary since it has nontrivial normal invariant which is detected by the signature of the inverse image of the D 8 and there are no nontrivial structures on T n D k rel @. This problem is invariant under passage to nite covers of the torus. The remaining obstruction is a quadratic form on the 8-dimensional homology of M 1 . Pass to a large nite cover of T 8 . We obtain a \geometric quadratic form" overt T 8 , that is, a quadratic form for which the basis elements are associated to points in T 8 and for which basis elements only interact with nearby basis elements. 
